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We consider the quantum teleportation of continuous variables modeled by Unruh-DeWitt detec- 
tors coupled to a common quantum field initially in the Minkowski vacuum. An unknown coherent 
state of an Unruh-DeWitt detector is teleported from one inertial agent (Alice) to an almost uni- 
formly accelerated agent (Rob, for relativistic motion), using a detector pair initially entangled 
and shared by these two agents. The averaged physical fidelity of quantum teleportation, which is 
independent of the observer's frame, always drops below the best fidelity value from classical tele- 
portation before the detector pair becomes disentangled with the measure of entanglement evaluated 
^ , around the future lightcone of the joint measurement event by Alice. The distortion of the quantum 

' state of the entangled detector pair from the initial state can suppress the fidelity significantly even 

' when the detectors are still strongly entangled around the lightcone. We point out that the dynam- 

ics of entanglement of the detector pair observed in Minkowski frame or in quasi-Rindler frame are 
not directly related to the physical fidelity of quantum teleportation in our setup. These results are 
useful as a guide to making judicious choices of states and parameter ranges and estimation of the 
, efficiency of quantum teleportation in relativistic quantum systems under environmental influences. 
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I. INTRODUCTION 



^ , Quantum teleportation is not only of practical values but also of theoretical interest because it contains many 

■ illuminating manifestations of quantum physics, clarifying fundamental issues such as quantum information and 
04 I classical information, quantum nonlocality and relativistic locality, spacelike correlations and causality, and so on [l[ . 

■ The first scheme of quantum teleportation is proposed by Bennett, Brassard, Crepeau, Jozsa, Peres, and Wootters 
(BBCJPW) 0, where an unknown state of a qubit C is teleported from one spatially localized agent Alice to another 

■"si" . agent Bob using an entangled pair of qubits A and B prepared in one of the Bell states and shared by Alice and Bob, 
' respectively. Such an idea is then adapted to the systems with continuous variables such as harmonic oscillators by 
Vaidman Q, who introduces an EPR state [3| for the shared entangled pair to teleport an unknown coherent state. 
Braunstcin and Kimble (BK) Q generalized Vaidman's scheme from EPR states with exact correlations to squeezed 
coherent states. In doing so the uncertainty of the measurable quantities has to be considered, which reduces the 
degree of entanglement of the ^i3-pair as well as the fidelity of teleportation. 

Since quantum teleportation can address the issues of nonlocality and causality, it is natural to consider quantum 
, teleportation in fully relativistic systems and in non-inertial frames. Alsing and Milburn made the first attempt 
of calculating the fidelity of quantum teleportation between two moving cavities in relativistic motions @ - one is 
at rest (Alice), the other is uniformly accelerated (Rob, for relativistic motion) in the Minkowski frame - though 
their process of teleportation is not complete and the result is not quite reliable [71, |8 1 . Alternatively, one of us [9| 
has considered quantum teleportation in the Unruh-DeWitt (UD) detector theory [l^, [lH with the agents in similar 
motions but based on the BK scheme: An unknown coherent state of an UD detector C is teleported from Alice 
to Rob using an entangled pair of the UD detectors A and B initially in a two-mode squeezed state and held by 
Alice and Rob, respectively. While both A and B are coupled with a common massless quantum field initially in the 
Minkowski vacuum, the detector C is isolated from the environment to identify the best fidelity that A and B moving 
in a common environment can offer. 
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Unfortunately, the fidelity of quantum teleportation considered in [9| is not a physical one. More careful consider- 
ation of the relativistic effects of quantum information associated with the quantum field is needed to get the correct 
results, which we do in this paper. 

There are many subtle issues related to quantum teleportation in relativistic systems which play an important role 
but have hitherto been largely ignored. Foremost, it is crucial that Bob or Rob has to have the full knowledge about 
the quantum state of the ^B-pair to achieve quantum teleportation perfectly. For example, in the BBCJPW scheme, 
Alice performs a Bell measurement jointly on C and A. which collapses the CA-pair into one of the Bell states, then 
sends the information to Bob classically about which Bell state the CA-pair ends up in. According to this classical 
information Bob can reproduce the initial state of C by operating on B. Bob's "Manual" in how to connect each 
kind of received information (the outcome of measurement on the C^-pair) with some specific set of operations on 
B is determined by the quantum state of the Ai?-pair right before the joint measurement by Alice. If the quantum 
state of the entangled AB-pair is changed from their initial state, then Bob's "Manual" must be changed accordingly 
to keep the fidelity of quantum teleportation perfect. 

Second, categorically there seems to be a common misunderstanding or underestimation of relativistic effects in 
quantum information. Many people may think of "relativistic" as referring to fast motion of the atoms (qubits) or 
oscillators (detectors), which is not commonly encountered, but forget about the fact that a quantum field which is 
ever present in any setup is relativistic, namely that the laws of special relativity govern the field and hence enter in 
the interaction between the qubits or detectors even when there is no direct interaction amongst them. This oversight 
is largely due to the focus of quantum foundational issues from the viewpoint of quantum mechanics, which is only 
an approximation - the nonrelativistic limit - to the consistent theory, which is quantum field theory. 

Third, which is related to the second, is the neglect of environmental influences. The presence of a quantum field 
is unavoidable and acts as an ubiquitous environment to the qubits or detectors in question {A, B, or C described in 
the context of quantum teleportation above) whose effects need to be included in one's consideration. They include: 

a. Quantum decoherence Each qubit or oscillator can be decohered by coupling to a quantum field, but decohcr- 
ence can be lessened if the two qubits are placed in close range due to mutual influences mediated by the field; 

6. Entanglement dynamics The entanglement between two qubits or oscillators changes in time as their reduced 
state evolves; 

c. Unruh effect A pointlike object such as a UD detector coupled with a quantum held and uniformly accelerated 
in the Minkowski vacuum of that quantum field would experience a thermal bath of the field quanta at the Unruh 
temperature proportional to its proper acceleration. 

Furthermore, objects in a relativistic system may behave differently when observed in different reference frames: 

d. Frame dependence Since quantum entanglement between two spatially localized degrees of freedom is a kind of 
spacelike correlation in a quantum state, which depends on reference frames, quantum entanglement of two localized 
objects but separated in space is frame-dependent; 

e. Time dilation For two moving objects localized in space and so parameterized by their proper times, the time 
dilations of them observed in the rest frame will naturally enter the dynamics of entanglement between them. 

The above factors have been considered in some detail [l^ - IT^ . But there arc new issues of foundational value 
which need be included in the consideration of quantum teleportation. We mention two such issues related to open 
quantum systems below. 

A. Fidelity and entanglement in open quantum systems 

As indicated in the BK scheme, fidelity of quantum teleportation could depend on (i) quantum entanglement of the 
Ai3-pair, and (ii) the consistency of the quantum state of the AB-pair with their initial state. Both would be reduced 
by the coupling with an environment, the quantum field being an ubiquitous one. We will compare the time evolution 
of the logarithmic negativity of the A_B-pair in a given reference frame and the fidelities of quantum teleportation in 
the same frame to distinguish the effects caused by these two factors. 

For simplicity and for the purpose of comparing the degree of entanglement of the AS-pair and the fidelity of 
quantum teleportation, one of us Q considered the "pseudo-fidelity" of teleportation by imagining that right at the 
moment the joint measurement on the CA-pair was done by Alice, Rob gets the information of the outcome from 
Alice instantaneously and performs proper local operations on B accordingly. In reality classical information need 
some time to travel from Alice to Rob, and during the traveling time of the signal detector B keeps evolving, so we 
expect the physical fidelity of teleportation will be further reduced. Our calculation verifies this feature. 
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B. Measurement in different frames 

Quantum states make sense only in a given frame where a Hamiltonian is well defined [l5| . Two quantum states of 
the same system with quantum fields in different frames are comparable only on those totally overlapping time-slices 
associated with certain moments in each frame. By a measurement local in space, e.g. on a point-like UD detector 
coupled with a quantum field, quantum states (of the combined system) in different frames can be interpreted as if they 
collapsed on different time-slices passing through the same measurement event. Nevertheless, the post-measurement 
states will evolve to the same state up to a coordinate transformation when they are compared at some time-slice in 
the future 

Given the consistency of instantaneous measurement, we can further study the evolution of fidelities of teleportation 
in different frames. Although they don't have to agree with each other if the time-slices of those different frames never 
overlap (except for the fiducial time-slice where the initial state is defined) , we will show that the reduced state of the 
qubit or detector B after wave functional collapse in different frames will become consistent once Rob enters the future 
lightcone of the joint measurement event by Alice. To calculate the physical fidelity, we find it the most convenient 
to collapse the wave functional of the combined system almost on the future lightcone of the local measurement event 
by Alice so the continuous evolution during the moment of wave functional collapse and the local operation by Rob 
can be neglected in the cases with negligible mutual influences. 

The paper is organized as follows. In Section II we introduce the model we use for addressing these issues. In 
Section III we review the definition of the averaged pseudo-fidelity and calculate the pseudo-fidelities in the ultraweak 
coupling limit in different frames; we then illustrate some results beyond the ultraweak coupling limit. In Section IV 
we modify the setup and calculate the averaged physical fidelity for a more realistic case in the ultraweak coupling 
limit. We then summarize our findings in Section V. In Appendix A we show explicitly that quantum entanglement of 
the AB-pa.ii is a necessary condition for the best fidelity of quantum teleportation beating the best classical fidelity in 
the ultraweak coupling limit of our model. Finally a short discussion on nonlocality and causality is given in Appendix 
B. 



II. THE MODEL 



To address the above issues, we consider three identical Unruh-DeWitt detectors A, B, and C with mass m = 1 
and natural frequency n, moving in a quantum field in (3-Fl)D Minkowski space. The action of the combined system 
is given by [l^ 
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d=A,B,C 



dTdi- 



{ddQdf - nlQl] + Ao / d^xQdiTdmx)S'' (x^ - z!^{Td)) \ , 



(1) 



where ^jl,v ~ 0,1,2,3, g^^, ~ diag(— 1, 1, 1, 1), = d/dr^, r^, Tg and arc proper times for Qa, Qb, and Qc, 
respectively. The scalar field $ is assumed to be massless, and Ao is the coupling constant. Detectors A and C are 

p = (t, 1/6, 0,0), while B is held by Rob, who is 



held by Alice, who is at rest in space with the worldline 



_ _ 



uniformly accelerated along the worldline Zg ~ (a ^sinhar, a ^ cosh ar, 0, 0), < a < 6, where r is Rob's proper 



time, namely, TA = Tc=t and = t. 

Suppose the initial state of the combined system at i = r = is a product state ® p^g CS) of the Minkowski 
vacuum of the field = \0m) {Om\, a two-mode squeezed state of the detectors A and B, in the {K, A) representation 
p7| (or the "Wigner characteristic function" [l8|). 

p^5(if^,i^^,A^,A«) = 



exp ^ 



2h 



n 



■(A- 



K 



B\2 



B\2 



-2ri 



f^e-^'^^A^ + A^) 



(if^-X^)^+17e^'-i(A^- A^)2 



(2) 



and a coherent state of the detector C, denoted 



(a) 



Pc 



\oi)(j (a|, or in the (AT, A) representation (a = a^, + iaj), 



pP{K^,A^)=cxp 



1 



h 



(3) 



is the quantum state to be teleported. In general the factors in p^' will vary in time. To concentrate on the best 
fidelity of quantum teleportation that the entangled AB-pair can offer, however, we follow Ref. Q and assume the 
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dynamics of p^*^ is frozen, or equivalently, assume p^^^ is created just before teleportation. Note that, as ri — ?> cx), 
Pab S'-'^s EPR state with the correlations ( Qa — Qb ) = { Pa + Pb ) = without uncertainty, while + Qg 

and P4 — Pb are totally uncertain. 

At t = T = in the Minkowski frame, the detectors A and B start to couple with the field, while the detector C 
is isolated from others. By virtue of the linearity of the combined system ([T]), operators at some coordinate time a;*^ 
after the initial moment are linear combinations of the operators defined at the initial moment [l9l | : 



d' 



'/'S(rd)4"' + /d(^<i)n^°i 



(4) 
(5) 



from which P^{x'^) and Il^(x'^) can be derived. Here oj-"' = 0^(1,1) and all the "mode functions" 4''^{x^) and f^{x^) 
are real functions of time (C,^ = {d} U {x}), which can be related to those in fc-space in Ref. [l9| . 

Comparing the expansions 1^ and ([5]) of two equivalent continuous evolutions, one from = to x1 then from 
x5 to X2, the other from Xq all the way to X2, one can see that the mode functions have the following identities. 



d'[21] C[10] 
^d' 



d' 



d^x' 



cPx' 



^x'[21]^C[10] ^ ^x'[21]^C[10l 
,x'[21] „C[10] , .x'[21] C[10]" 

JX' 



(6) 
(7) 



where i^M ^ F{xl - xl), ^^(r^CxO)) _^ 9d'^^(^d(^°)), ^ ao(/.i(xO), p^(rd(a;0)) ^ 9d/d^(^d(^°)), and 

p£(a;'^) = dof^{x^). Similar identities for 7r| and can be derived straightforwardly from ^ and ([7]). Such identities 
can be interpreted as embodying the Huygens' principle of the mode functions, and can be verified by inserting 
particular solutions of the mode functions into the identities. 

By virtue of the linearity of the combined system ([T]), the quantum state of the combined system started with a 
Gaussian state will always be Gaussian; therefore the reduced state of the three detectors is Gaussian for all times. 
In the {K, A) representation the reduced Wigner function at the coordinate time x'^ in the reference frame of some 
observer has the form 



PAi3c(K:, A;a;") = exp 



where d, d' = A, B,C, and the factors 



{K''Qdd'ix')K''' + A''Vdd'{x')A''' - 2A-'^7^dd'(x")A'^') 



( Qd{x') )K''-{ Pd(x-") ) A" 



Qdd'(x") = -^-^p^^^(K,A;a;0)|K=A=o 
T'dd'l^:") = ^^p^bc(K,A;xO)|k=a=o = 

M ihS g 

rd^PABclK, A;a; )|k=a=o = 



7^dd'(a;°) 



{SQd{Td{x'')),SQd'{Td'{x°)) 
^Pd(Td(a-°)),5Pd'(rd'(x"))), 
(^Qd(Td(xO)),5Pd'(rd'(x°))) 



(8) 

(9) 
(10) 
(11) 



are actually those symmetric two-point correlators of the detectors in their covariancc matrices (( O, C ) = ( OO' + 
O'O ) /2 and SO = O — {O )), which can be obtained in the Heisenbcrg picture by taking the expectation values of 
the evolving operators with respect to the initial state. From (jH) and (O, these correlators arc combinations of the 
mode functions and the initial data, e.g., 

{QlirA))=KirA)K{rA){iQ^A^r)o + J 01(Tj0^(r^) ( , )„ + ... , (12) 

where (•••)„ denotes that the expectation values are taken from the quantum state right after t = tn {to = here.) 

Suppose the reduced state of the three detectors continuously evolve to p^gp(K, A; ti) in the Minkowski frame at 
some moment t ~ ti > and t = ri = sinh~^ ati, when a joint Gaussian measurement by Alice is performed 
locally in space on A and C so that the post-measurement state right after ti in the Minkowski frame becomes 
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p^^(^(K, A; ti) = ffiXiK^, K'-^ , A"^, /SP)pb{K^ , A^), where we assume the quantum state of detectors A and C 
becomes another two-mode squeezed state |23j 



exp 



(13) 



with m, n = A, C so that Ahce gets the outcome (3 ~ f3ji + if3j. Then yields the reduced state of detector i? 



p(f)*(i^^,A"^,A^,A^K5e(^",^",i^'',A",A«,A^';ti), (14) 



^ fc-S aB aC. 



2Trh 



where Nb is the normahzation constant. If we require TigPg = Pb\k'^=a'^=q = 1; then Nb will depend on /?. 
Alternatively, following we can require Nb to be independent of /3, then Tr^ will be proportional to the 
probability P(/3) of finding detectors A and C in the state (IT51) . Let Tr^ = P{f3), then we have the normalization 
condition 

''d2;3P(/3) = / dl3j,df3j pBiK"" = 0, A^ = 0) 

^, if ^\ A-, A^)p^sc{K-, 0, 7f^' A-, 0, A^ ; ii) 



A^f 



27r?i 27r?i 
dK'^dA^ dK^dA^ 



2TTh 



exp 



2r 



if'"Q™„if" + A"^mnA" - 2i^™7^,„„A" 



A^ 



= ^ / dK^dA^ exp ^ f (q!!!, + Qaa) {K^f + (^i^ + Vaa) {A^f - 2if^ (7^[^l4 + Uaa) A^ 



2h 



2n^ 



after inserting ^ and ([T^ into the integrand. Here 5^"' denotes the value of the factor S — Q,V , or TZ being taken 
at t„ — e with e — > 0+. Thus we have 



Nb^^^ (qI1!4 + Qaa) {v^A + -Paa) {n^l\ + Uaa 



(15) 



III. PSEUDO-FIDELITIES AND ENTANGLEMENT IN DIFFERENT FRAMES 



To compare the fidelity of quantum teleportation with quantum entanglement between detectors A and i? at ii, 
which is defined on the same ti-slice in the Minkowski frame, we first imagine that Rob receives the outcome j3 of 
Alice's joint measurement on A and C and make the proper operation on detector B instantaneously at Ti(ti) when 
the worldline of B intersects the ti-slice (see Fig. [S]). Physical situations with the classical signal from Alice traveling 
at the speed of light will be considered later in Section IIVI 

In the BK scheme according to the outcome /? obtained by Alice, the operation that Rob should perform on 

detector B is a displacement by /3 in phase space of B from p^ to Po-^t, namely, p^^^ = D(P)pg, where D(f3) is the 
displacement operator, or in the (AT, A) representation. 



(16) 



pMK^,A^) = PBiK^,A^) exp -^PbK^ V^PjA^j . 

The "pseudo-fidelity" of quantum teleportation from |a )p to \oi) g is then defined as 

^.^N ^ B {a\Pout\a)B 
Tr/5o„t 

Note that Tr^p^^j = p^^^{K^ — 0, A^ = 0) = T^^bPb — P{P)- ^ simpler quantity for calculation here is the averaged 
pseudo-fidelity, defined by 

= / d^pP{P)F{P)= [ dPRd/3iB{a\pout\a)s 



(17) 
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2TTh 



(18) 



where /5^^ 



From ^ and with the help of 



Hh dK'^dA'^ 



1 

2^ 



exp 



20'" ' ■ 2 
rid dK'^dA'^ 



and (fTB]). we have 

K^) - V2M2(aj - Pi){A^ - A^) 



{2TThy 



1 
2^^ 



2n 



{K 



B\2 



-r!(A^)2 + /i'"Q^„A'" + A"7^™„A" - 2A'"7l„„A" 



thus 



where 



av j —1 

VdetV 



(19) 



(20) 



V = 



[1] 

AB 



Qaa 

- T^AA 

Qac 
-IIac 



'^AA 



~ T^AA 

Vaa 



AB ^ 
■1] 
BA 



n 



Qac 
-Tic A 



\ 



AB 



ice 



+ Va 



c 



BB 



7^, 



cc 



SB 



1 

AB ' 
"1] 
BB 



^AC 

Vcc + 



(21) 



Note that Fav in (f20| is independent of a because of the choice of the state ([TS 
Below we consider the cases with the factors in the two-mode squeezed state ([1 

after the joint measurement given by: Qaa = Qcc — ^cosh2?-2, Qac 

Vac = — §fisinh2r2 with squeezed parameter r2, and TZmn = 0. 

If the joint measurement on detectors A and C is done perfectly such that r2 

we have 



of detectors A and C right 
|^sinh2r2, Vaa = Vcc = |f^cosh2r2, 



Favitl,Ti) 



1 



oo, then from dUl), and P3|) . 

1/2 



(22) 



where Q- = QaI^i) - Qb{ti) and P+ = PA(ii) 
B m ^ without coupling to the field gives 



Pb{ti)- For ti = to = 0, the initial state of detectors A and 



-Fa. (0,0) 



1 + e-2'-i 



(23) 



which implies A'aw — ^ 1 as ri — )■ oo when is nearly an EPR state, while Fav — >■ 1/2 as ri — >■ when pj^g is 
almost the coherent state of free detectors. In the latter case Fav = 1/2 is known as the best fidelity of "classical" 
teleportation using coherent states [Bj, without considering the coupling of the UD detectors with the environment. 
This does not imply that Fav of quantum teleportation must be greater than 1/2. In our result, if we start with the 
state with ri = 0, then Fav will always be less than 1/2 after the detectors are coupled to the field, and detectors 
A and B are always separable, too. Once the correlations such as (Q-) = needed in the protocol of quantum 
teleportation becomes more uncertain than the minimum quantum uncertainty, Fav ^1/2 will become negative. 



A. ultraweak coupling limit 

In the ultraweak coupling limit, 7 is so small that 7A1 ^ a, H.. Inserting the expressions for the correlators in this 
limit [Hi, one obtains (PT|) - (P8l) and 

/ i-,Aih) ii^ituTi) |3^(ti,Ti) \ 

~ 4A'(fi,ri) ly{h,n) ^B[Tr) ^^^^ 
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by writing v = 2TijAi/Tr. Here ti{x1) and t^{x1) are the proper times of detectors A and B, respectively, when AUce 
performs the joint measurement on detectors A and C at coordinate time observed in some reference frame, and 

Aih) = C2 + e-27*iCi + l-e-27ti^ (25) 

B(ti) = 2 + C, + e-2''^iCi + (l-e-27^0coth — , (26) 

a 

Xih,Ti) = 52 + e~T(*i+^i)cosl](ti +ri)S'i, (27) 

y{tuTi) = e-T(*i+^i)sinr!(ti+Ti)5i, (28) 

with C„ = cosh 2r„ and 5'„ = sinh 2r„ . So the averaged pseudo-fidelity in the ultraweak coupling limit can be written 
in a simple form, 

2A 

^-(^^'-^)^ ^-(;^^ + y^) +^(-)' (29) 

where 

X^+y"^ ^ Si + Sf e-^-^^'i+^i) + 2S'i52 e-'^(*i+^i) cosO(ti + n) (30) 

is oscillating in time due to the natural squeeze-antisqueeze oscillation of the two-mode squeezed state of detectors A 
and B. The maximum (minimum) values of Fav, denoted by {F~^), occur at cosf2(ti +ti) ^ 1 (—1), when 3^ = 
and 

9 A 

F^vih^Ti) « ^. (31) 

AB-[S2±S^e-y(t^+ri)]^ 

In the BBCJPW scheme, Alice and Rob have full knowledge of the entangled AB-pair. In the BK scheme for 
continuous variables, we may assume the same thing: while the two-mode squeezed state of A and B squeezes and 
antisqueezes alternatingly in time, Alice completely knows when the AB-pair will give the best correlation needed and 
thus the best fidelity of quantum telcportation with peak values F^^, so she always performs the joint measurement 
on A and C at one of those moments. This actually requires that Alice has had the full knowledge about how Rob 
moves to guarantee that T{ti) would make cosri(ti -I- T{ti)) 1. 

In Appendix A we show that, in the ultraweak coupling limit of our model with the initial state ^ and the post- 
measurement state (|13p . whenever detectors A and B are separable in some frame, the averaged pseudo- fidelity of 
quantum teleportation Fav must have been less than the best classical fidelity 1/2 in that frame. In other words, 
quantum entanglement between detectors A and B is necessary to provide the advantage of quantum teleportation, 
at least in the ultraweak coupling limit of our model. 



1. Minkowski frame 

Results in the Minkowski frame, where Alice performs the joint measurement at x^ = ti and Rob's proper time 
Ti = T{ti) = sinh~^ ati, are shown in Figs. [1] [5] (left), and[3] (left). In Figs. [T]and[5]one can see that the averaged 
pseudo- fidelity Fav oscillates in a time-varying frequency due to the cosil{ti + r^ti)) term in ([30)) . Fav is larger as 
( ) (and ( )) gets smaller, when the two-mode squeezed state of A and B looks closer to the EPR state so the 
BK scheme is closer to the idealized case given by Vaidman [1, Q ■ In more than half of the period in an oscillation, 
however, Fav is less than 1/2 because the squeezing of the AB-sta.te has oscillated to the orthogonal direction, so that 
Q- and P+ are uncertain. One may improve the teleportation by initiating the A_B-pair as a rotating squeezed state 
and using a local oscillator to track its phase angle [l|, or simply switching to an alternative protocol using and 
P_ instead of and P+ in Vaidman's scheme whenever (Q^) > {Q\) and (-P+) > (P-), then Fav could be greater 
than 1/2 during most of the early times, though the peak values will never exceed Fj^. 

The positions of the peaks of Fav at early times are different in the cases with different proper accelerations a of 
detector B. This is because in this setup different degrees of time-dilation of Rob seen by an observer at rest in 
Minkowski frame will shift the oscillations cosr2(ti -l-r(ti)) in (|30p in different ways. As mentioned earlier, since t and 
T{t) depend on the motion of detectors A and i?, the position of the peaks of Fav also depends on how the detectors 
move. When ti gets larger, time dilation of detector B becomes more significant in our setup and so detector B 
appears to change extremely slowly in the Minkowski frame. Thus Fav oscillates approximately in frequency at 
late times. 
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FIG. 1: A comparison of the averaged pseudo-fidelity Fav{ti) (solid curve) in the Minkowski frame in the ultraweak coupling 
limit, the evolution of the correlator ( Q?. ) /20 (dotted curve), Q_ = Qa — Qb and the logarithmic negativity Ej\//3.5 (dot- 
dashed curve) at early times. One can see that Fav reaches a maximum whenever ( ) reaches a minimum, while the 
logarithmic negativity Ej\f evolves smoothly remaining always well above zero during the same time interval. So we can see 
that the oscillation of Fav is due to the natural oscillation of the initial two-mode squeezed state, and what causes Fav to 
drop below 1/2 here comes from the distortion of the quantum states of detectors A and B from their initial state; it is not 
an indication of disentanglement of the detectors. Here 7 = 0.0002, Q = 2.3, m = h = 1, n = 1.1, r2 — 1.2, Ao = Ai = 20, 
a = 1/4, and b = 2.01a. 

The peak values F^^ fall below the best fidelity of classical teleportation 1/2 at some time much earlier than the 
disentanglement time t^E when the logarithmic negativity Ej\f become zero. One can estimate the moment ti/2 when 
F+, touches 1/2 if a is not too small in the ultraweak coupling limit. For large ti with jti ^ 0(1), r(ii) <C ii, so 



-7(ti+r(ii)) 



1, and B{t) « 2 + C2 + Ci. From one has 



(2 + C2 + Ci)Aih) - {S2 + 6-7*1 5i)2 



(32) 



where A{ti) has been given in (j25|) . which is independent of a in this limit. So one can see that, while the moments 
when Fav{ti) reaches a local extremum depend on the proper acceleration a of detector _B, F^^(ti) in the ultraweak 
coupling limit is insensitive to a in the Minkowski frame, just like the degree of entanglement S or E^ in this case. 
From p2p . one obtains ii/2 by solving the equation 



{Ci - 1)(C2 - 3)6-27*1/2 _ 25i526-^*i/= {Ci - 1){C2 + 1) = 0, 



(33) 



such that F^^{ti/2) ~ 1/2. Unlike the disentanglement time in this case [T^, t^E ~ (27) ^ ln(7rr2/7Ai), which is 
almost independent of the initial state of the entangled detectors, the moment ti/2 when « 1/2 strongly depends 
on the squeezed parameter ri of the initial state of detectors A and B, as well as the squeezed parameter r2 introduced 
by the joint measurement on A and C, though ti/2 is still insensitive to a. 



2. Quasi-Rindler frame 



By a quasi-Rindler frame we refer to the coordinate system in which each time-slice almost overlaps a Rindler 
time-slice in the R-wedge but the part in the L-wedge has been bent to the region with positive t to make the whole 
time-slice located after the initial time-slice for the Minkowski observer, as illustrated in Fig. [S] 

Results in the quasi-Rindler frame in the ultraweak coupling limit, where Alice performs the joint measurement at 
x5 = Tl such that ti = t{Ti) ~ fe-^tanhari, are shown in Figs. [5] (right) and |3] (right). In Fig. [5] (right) there are 
similar oscillations to those in Fig. [5] (left) because of the same cosfl{ti{Ti) + ri) term in (PU)) . but here the shift of 
the peaks at early times is due to the time-dilation of detector A seen by the Rindler observer. When ti gets larger, 
the frequency of the oscillation also approaches fl, since detector A looks frozen in the quasi-Rindler frame. 

In contrast to the case in the Minkowski frame, F^^,(ti) in the quasi-Rindler frame is sensitive to the proper 
acceleration a. Indeed, if a and b are not extremely small, for large ti, one has ti = t{Ti) « 1/6, 



2[C2-^l + e-27/^(Ci-l)] 



[C2 -t- 1 + 6-27/b(Ci - 1)] 6(ti) - (5*2 + e-7(^i + l/f')5i)2 



(34) 
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FIG. 2: Averaged pseudo-fidelity Fav in tlie ultraweak coupling limit in the Minkowski frame (left) and in the quasi-Rindler 
frame (right) at early times for different a. Here the parameters are the same as those in Fig. [T] except that the proper 
accelerations are a = 1/4 (solid), a = 1 (dotted) and a — 4 (gray). Dashed lines are F^v (top), 1/2 (middle), and F~y (bottom), 
where F^ assume the approximated values obtained from H31|l . One can see that the position of the peaks at early times are 
different for different a. This is because different degrees of time-dilation of detector B (detector A) seen by an observer at rest 
in Minkowski (quasi-Rindler) frame will shift the oscillations cosf2(ti + T{ti)) (cosSl(t(ri) + ri)) in (|30p in different ways. 



C-1/2 (C-1/2. -En/10] 




FIG. 3: (Left) F^(ti) — 1/2 (solid curves) and E^f{tl)/10 (dashed curves) in the Minkowski frame. The parameters are the 
same as those in Fig. (2] The curves for a = l/4, a = l, and a — 4 are almost indistinguishable in the left plot since both 
Fav and Ejsf are insensitive to a in the Minkowski frame in the ultraweak coupling limit. One can see that the peak-values of 
averaged pseudo-fidelity of quantum teleportation, namely F^^, become less than 1/2 for ti > ti/2 ~ 0.57/7 when entanglement 
between A and B are still quite strong right before the joint measurement in the Minkowski frame [in the sense that the value 
of the logarithmic negativity E^f{ti) is well above zero]. The disentanglement time is tdE ~ 3.75/7 according to Ref. [l^ . 
much later than the moment ti/2 that quantum teleportation loses its advantage. (Right) Fav{ti) — 1/2 (solid curves) and 
—Ej\f{ti)/10 (dashed curves) in the quasi-Rindler frame. There are actually six curves in each set: from right to left they 
correspond to the cases with a = 1/4, 1, 2 (all are light gray curves, indistinguishable in this plot), 4 (gray), 8 (dark gray), 
and 16 (black), respectively, in quasi-Rindler frame. Other parameters are the same as before. One can see that Fav here still 
fall below the best classical fidelity 1/2 earlier than the disentanglement time when Ej>/ touches zero. As illustrated here, the 
larger the proper acceleration a, the earlier the value of — 1/2 becomes negative in the quasi-Rindler frame. For a large 
enough, that moment will be quite close to, but no later than the disentanglement time TdE ~ nQ/'ya [T^ . 



where B{ti) given in (j26p depends on a. Again, the moment when F^^{ti/2) = 1/2 depends on ri in the initial 
state of the detectors A and B as well as r2 from the joint measurement on A and C. 

In Fig. [3] (right) one can see that the larger proper acceleration a, the earlier the value of F+, — 1/2 touches zero, 
while the value of Ti/2 is always less than t^e (~ nQ/ja for large a [l3|). Indeed, the conclusion in Appendix A 
is valid for the Rindler observer as well as the Minkowski observer: it implies that the peak values of the averaged 
pseudo- fidelity of quantum teleportation must have been less than the best averaged fidelity 1/2 of classical 
teleportation at the disentanglement time TdE when Ej^/ touches zero, so ri/2 < TdE- For large a, this can be easily 
seen by inserting ri = TdE ~ ir^l/^a into ([34|), which implies that F^y{TdE) > 1/2 if 

> (Ci + 1)(C2 + l)e-2-^Va _ 2e-^/''5i52e~""/° + e-^-'^\Ci - 1)(C2 - 1) 

= (Ci + 1)(C2 + 1) (e-^"/" - e-''/''tanhri tanhr2)^ (35) 
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FIG. 4: Beyond the ultraweak coupling limit, quantum entanglement disappears quickly both in the Minkowski frame (upper 
left) and in the quasi-Rindler frame (upper right) as witnessed by Ej^ (solid curves) becoming zero quickly. The averaged 
pseudo-fidelity Fav drops below 1/2 even quicker, both in the Minkowski frame (lower left) and in the quasi-Rindler frame 
(lower right). Here 7 = 0.1, ^ = 2.3, (a, 6) = (0.2, 0.401), n = 1.1, r2 = 1.2, and Aq = Ai = 20. 



But the right hand side of the above equation is positive definite. Thus for all parameters ri, r2, and 17, F^^{tj^e) is 
always less than 1/2, unless the parameters happen to satisfy the equality 

= - — ln(tanhri tanhr2) (36) 

a b 

such that ~ ^dE in this particular case. 



B. Beyond ultraweak coupling limit 



Beyond the ultraweak coupling limit, both Fav and Efj- are strongly affected by the environment. The calculation 
can be more complicated if the mutual influences between detectors A and B are strong. For simplicity, we consider 
the cases with b > 2a with a not extremely large so that only the first and second order corrections from the mutual 



influences are needed while they are still small compared with the zeroth order [12 1. 

In Fig. 2] one can see that quantum entanglement disappears quickly both in the Minkowski frame and the quasi- 
Rindler frame due to strong interplays with the environment. The averaged pseudo-fidelity Fav drops below 1/2 even 
quicker, and the peak values of Fav never exceed 1/2 again once they dropped below this level in these examples. 



IV. PHYSICAL FIDELITY IN A MORE REALISTIC SETUP 



Suppose Rob stops accelerating at his proper time T2 when t2 = a^^sinhaT2 in Minkowski time, after this mo- 
ment Rob moves with constant velocity along the worldlinc ((r — T2)coshaT2 + a^^ sinhar2, (r — T2)sinhar2 + 
a""'^ coshaT2, 0, 0) in Minkowski coordinate for Tg = t > T2, while Alice stays at (t, 1/&, 0,0) and performs the 
joint measurement on A and C at ti (see Fig. [5]). In this setup the classical information about the outcome at the 
very moment of the measurement can always reach Rob if the signal is traveling at the speed of light. Assume Alice 
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FIG. 5: Setup for quantum teleportation from Alice (thick dotted line) at rest to Rob (thick solid curve) accelerated constantly 
from to T2 in his proper time then turning to inertial motion. The gray solid curve represents the r{-slice in the quasi-Rindler 
frame, and the gray dotted horizontal line represents the fi-slices in the Minkowski frame. The shaded region represents the 
future lightcone of the joint measurement event on A and C by Alice, and the hypersurface t = is the event horizon of Rob 
for T2 — i- oo. 



sends out the information right after ti when the joint measurement on A and C is done, then Rob will receive the 
message at his proper time 



-fl-i In a (6-1 - ti) if ti < - a-^g-^^^ ^ 

{ti — fe-i) e"-^- + + T2 otherwise. 



(37) 



Suppose Rob performs the local operation on B at some moment Tp > r^j"*^ according to the received information. 
Then the averaged physical fidelity should be given by 

SpP{P)^ B{^\pout{rp)\a)j,, (38) 

where Po^tiTp) has the same form as Eq. (|16p but pg defined at ti there is replaced by Pg{Tp) which started with 
the initial state Pg{Ti) with ti = a~isinh~iati and evolves from ri to Tp according to the Schrodinger equation. 
During the continuous evolution mutual influences from detector A will start to affect B at r{"*". This makes the 
calculation more complicated. Fortunately, if the classical signal travels at lightspeed and Rob performs the local 
operation right after he receives the signal, namely, Tp = r"''" + e with e — > 0+, and if mutual influences are weak 
enough and negligible (this is easy to satisfy in the weak coupling and large distance limit, see [13]), the calculation 
can be greatly simplified. 



A. Reduced state of a detector with its entangled partner being measured 

In Rcf. [l^ one of us has shown that a quantum state of a Raine-Sciama-Grove detector-field system in (1+1)D 
Minkowski space started with the same initial state defined on the same fiducial time-slice, then collapsed by a spatially 
local measurement on the detector at some moment, will evolve to the same quantum state on the same final time-slice 
(up to a coordinate transformation) , independent of which frame is used by the observer or which time-slice the wave 
function collapsed on between the initial and the final time-slices. This implies that the reduced state of the detector 
B at the final time is coordinate- independent. For the Unruh-DeWitt detector theory in (3+l)D Minkowski space 
considered here, the argument is similar. 

Right after the local measurement on detectors A and C at ti (for a simpler case with the local measurement only 



on detector A, see Ref. [21|), the quantum state at ti collapses to ® pg^ on ti-slicc in the Minkowski frame or 
T{-slicc in quasi-Rindler frame (see Fig. [5]), or whatever time-slice depending on the observer's frame. Similar to (|14p . 
here the post-measurement state pg^ of detector B and the field <I>x is obtained by 

Ps^jK'.An ^ nJ '^'^l^f '^''^^^^ p\a{K\K^^ A\ A^)p(K, /^-, A, A^; t,) (39) 
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where p is the quantum state of the combined system evolved from to = to ti and a = {_B} U {x}. Since is 
Gaussian, a straightforward calculation shows that the post-measurement state of detector B and the field has the 
form: 



Ps^ (/r,A*) - exp 



t2 v\;( 



2h' ^ W( 

n— 1 



1 



(40) 



Here we use the Einstein-DeWitt notation for C, ^ = {B} U {x}, which run over the degrees of freedom of detector B 
and the field defined at x on the whole time-slice, n runs from 1 to 4 corresponding to the four dimensional Gaussian 
integrals in W^") depends only on the two-point correlators of detectors A and C at the moment of measurement, 



while J^i^^ 



and M 



(He) 



are linear combinations of the terms with a cross correlator between detector A or C 



and the operators or 11^ ($b = Qb and lis = Pb), respectively, multiplied by a few correlators of A and/or C, 
all of which are the correlators of the operators evolved from to to ti with respect to the initial state given at to- This 
implies that the two-point correlators right after the wave functional collapse become 



c i '1 



- (f°ur)o-E 



j-H(^[io])^W(|,[io]) 



C 

fr[10l fV[10] 



n=l 
4 



E 

4 

E 

ri=l 
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(41) 
(42) 
(43) 



For example, ( (Q^ 



QsB(ti)-E. 



=i[4"^(Q^°l)4"^(0^°Vw('^)] where Q5B(ti) = ( {Q^f )o- Here 6™ 
refers to the operator Ob defined at ti and O^"' refers to the operator OB{ti — to) in the Heisenberg picture. 

At some moment in the Minkowski frame before the detector B enters the future lightcone of the measurement 
event on A, namely, when = T{tM) < rf*", the two-point correlators of the detector B is either in the original, 
uncoUapsed form, e.g. ( Q%{tM — to) )o, if the wave functional collapse does not happen yet in some observers' frames, 
or in the collapsed form evolved from the post-measurement state, e.g.. 



(QlitM)) = 



E + fT'^P!^') + fdx (0f + fr'W 



(tP)2 



E 



(44) 



in other observers' frames. Here we have used the Huy gens' principles ^ and ([7]), and defined 



C 



,C[A/0] ,A[M1],C[10] 
^ VB VA 



A[Ml\r[lO] 



B 



'A 



H 



C 



J B 



,A[M1] „C[10] 
J A 



rA[Ml] C[W] 

■IB Pa 



(45) 



with <i> 



A,C 



Q 



A.C 



and H 



A.C 



Pa. 



c 



while I*^"^ is derived from those J^^^^ and jzi"'' pairs in (HI 



(j43l) . Note that 

before the detector B enters the lightcone, (p^'^'^^ = /^'*^^' = 0, such that T^^°' reduces to Q^''^"' . So at the moment 
tM the correlators of detector B do not depend on the data on ti-slice except those right at the local measurement 
event on detector A and C . This means that once we discover the reduced state of detector B has been collapsed, the 
form of the reduced state of B will be independent of the moment when the collapse occurs in the history of detector 
B (e.g. = Ti or t{ in Fig. [5]if r2 > r{ there), namely, the moment where the worldline of detector B intersects the 
time-slice that the wave functional collapsed on. 

No matter in which frame the system is observed, the correlators in the reduced state of detector B must have 
become the collapsed ones like (|44|) exactly when detector B is entering the future lightcone of the measurement 
event by Alice, namely, Tg = r{"''", after which the reduced states of detector B observed in different frames become 



consistent. Also after this moment the retarded mutual influences will reach B such that 



,A[M1] 
^B 



and / 



A[M1] 



would 
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become nonzero and get involved in the correlators oi B. In fact, some information of measurement has entered 
the correlators of B via the correlators of A and C at ti at the position of Alice in A^(") and W^") much 

earlier. Nevertheless, that information cannot be recognized by Rob before he has causal contact with Alice. A short 
discussion on this point is given in Appendix B. 

Thus we are allowed to choose tm in p4)) so that r^^ = [tM) = I'l'^'" — e and collapse or project the wave functional 
right before Tj^^ , namely, collapse on a time-slice almost overlapping the future lightcone of the measurement event 
by Alice. It is guaranteed that there exists some coordinate system having such a time slice which intersects the 
worldline of Alice at = ti and the worldline of Rob at = rf — e. 

If we further assume that mutual influences are negligible and Rob performs the local operation right after the 
classical information from Alice is received, namely, Tp = r"'*" + e with e — ^ 0+, then the continuous evolution of the 
reduced state of detector B from to Tp is negligible. In this case we can still calculate the averaged fidelity of 
quantum teleportation using ([20)) with ([T5|) and (|2ip by inserting r{"^" into ri there, then working out the correlators 

'^BB' S^AB^ and 5^|4 {S = Q,7',7^) accordingly. 



B. Correlators of non-uniformly accelerated detector 



To guarantee the classical information from Alice can always reach Rob, we have assumed Rob stops accelerating 
at the moment T2. This means the acceleration of detector B is not uniform. 

The dynamics of the correlators of non-uniformly accelerated detectors have been studied in Ref. [1^ . In the weak 
coupling limit the behavior of such a detector is similar to a harmonic oscillator in contact with a heat bath with a 
time- varying "temperature" corresponding to the proper acceleration of the detector. From Ref. (20j . the dynamics 
of entanglement will be dominated by the zeroth order results of the a-parts of the self and cross correlators and the 
v-parts of the self correlators of detectors A and B. The deviation of the v-parts of the self correlators of detector B 
from those of a uniformly accelerated detector (an inertial detector in (20| ) and higher-order corrections from mutual 
influences are negligible in the weak coupling limit with large initial entanglement and large spatial separation between 
the detectors. 

For larger initial accelerations of detector B, the changes of the v-part of its self correlators during and after the 
transition of the proper acceleration of detector B from a to are more significant. Suppose the changing rate of the 
proper acceleration of detector B from a finite a to is fast enough so that we can approximate the proper acceleration 
of detector S as a step function of time, but not too fast to produce significant non-adiabatic oscillation on top of 
the smooth variation. According to the results in and [22j, for T2 sufficiently large, the correlators of detector B 
behave roughly like 



Ql 



p2 



PBiT)\ 



+ e{T- 

QKoo 
-r2) 



T2) X 



P|(oo)| 



-27(t- 



-27(r- 



P| (00) I 



67rmo(7^ 



172)2 

~2j{t-T2} 



(46) 
(47) 



where ( Qg{oo) )^ and ( Pg{oo) )^ arc the correlators in steady state at late times. These approximated bahaviors 
have been verified by numerical calculations (see Figs. 3(right) and 4(right) in [12 )■ Note that the last term of pS)) 
is actually 0(7) and negligible in the ultraweak coupling limit. Also {Q\)^ and (Pl)^ behave as the approximated 
form in (|24p. and other ( • • • )^ are 0(7) and negligible in the this limit. Below we apply these approximations to 
calculate the averaged fidelity of quantum teleportation in the ultraweak coupling limit. 



C. Averaged physical fidelity of quantum teleportation in ultraweak coupling limit 

Replacing ri in by rf^" in ([57]) . while inserting (pS]) and (|T7)) into the v-parts of the self correlators in Q^^g 

and V^pp, respectively, we obtain the results in Figs. [6lJ middle) and [71 

In Fig. [Upright) one can see that the differences between the results with wave functional collapsed on Minkowski 
time-slice then evolving the system to rf (left), and those collapsed almost on the future lightcone of the measurement 
event (middle), are 0(7), which is within the error of the two-point correlators in the ultraweak coupling limit so they 
should be considered negligible. 

In all the plots of Fig. [HI the number of peaks of the physical Fav in the same duration of ti in this more realistic 
case is much more than the one for the averaged pseudo-fidelity. This is because it takes a long time from ri to the 
moment rf^"" when the classical signal from Alice reaches Rob, during which detector B has oscillated many times. 
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FIG. 6: Averaged physical fidelity Fav against the moment t\ of the joint measurement on A and C in the ultraweak coupling 
limit in the more realistic cases where the detector B stops accelerating at T2 = 10, and the local operation on detector B is 
performed right after rj"*". Before this moment the wave functional was collapsed either on Minkowski time-slice then evolve 
to ri"*" (left) or almost on the future lightcone of the joint measurement event by Alice (middle), namely, the hypersurface 
intersecting the worldlines of Alice and Rob at ti and rf*". Other parameters are the same as those in Fig. [T] The difference 
between the results in the left and the middle plots is shown in the right plot. One can see that it is within 0(7) (here 
7 = 0.0002). Compare the left plots with Fig. [5] (left) one can see the huge difference from the averaged pseudo-fidelity there. 
The difference is due to the natural oscillations of the detector B from ti to the much later moment ti"*". 

In Fig. [7] we sec that the moment ti — txji when the best averaged physical fidelity of quantum teleportation 
drops to 1/2 is again earlier than any of pseudo-fidelity has. So Alice must perform the joint measurement on 
detectors A and C much earlier than what was estimated from the pseudo-fidelities to achieve successful quantum 
teleportation. The larger aT2, the later t{"^" Rob has by ([57)) . and so the lower value of the physical at that time 
due to the longer time of coupling with the environment. When ar2 is large enough, t^'^'" is so large that 1^12 ~ 
which is the moment that Alice enters the event horizon of Rob for r2 — >■ cx) (see Fig. [7] (upper-right), (lower- middle), 
and (lower-right)). 

From the same argument in Appendix [XI with the proper time of detector B substituted by r"'*" (actually rf'*'" ± e 
as e — > 0-I-), one can see that quantum entanglement of AB-pair evaluated almost on the future lightcone of the 
measurement event by Alice is still a necessary condition of the best averaged physical fidelity of quantum teleportation 
beating the classical one in the ultraweak coupling limit of our model. 

V. SUMMARY 

Quantum entanglement of two localized but spatially separated objects is a kind of spaccfike correlations while the 
physical fidelity of quantum teleportation, is a kind of timelike correlations. In general they are incommensurate. 
We define the pseudo-fidelity of quantum teleportation on the same time-slice that the joint measurement occurs in 
some reference frame to compare with the quantum entanglement of the ^i?-pair on that time-slice. In the more 
realistic cases assuming that Rob stops accelerating after some T2 > 0, the classical signal from Alice can always 
reach Rob. and the reduced state of detector B collapsed on different time-slices by the same joint measurement by 
Alice in different frames will become consistent when Rob is entering the future lightcone of the measurement event. 
Thus wc are allowed to perform the projection of the wave functional almost on that future lightcone, and right after 
that, let Rob perform the local operation. The physical fidelity of quantum teleportation obtained in this way can be 
compared with the quantum entanglement of the A_B-pair evaluated right before the wave functional collapsed almost 
on the future lightcone of the joint measurement event by Alice. 

In the ultraweak coupling limit of our model, when detectors A and B are separable on a time-slice, the averaged 
pseudo-fidelity Fav of quantum teleportation obtained on that time-slice must be less than or equal to 1/2, which 
is the best possible fidelity of classical teleportation. Thus quantum entanglement between detectors A and B is a 
necessary condition that the averaged pseudo-fidelity of quantum teleportation has advantage over the best classical 
one. We have a similar observation in our result beyond the ultraweak coupling limit. 

Similarly, if wc assume that the classical signal from Alice travels with lightspeed and Rob performs the local 
operation right after he received the signal, then in the ultraweak coupling limit the entanglement "on the lightcone" , 
which is evaluated right before Rob enters the future lightcone of the measurement event by Alice, will also be a 
necessary condition for a physical fidelity of quantum teleportation beating the classical ones. 

We have seen that the logarithmic negativity evolves quite smoothly while the averaged pseudo-fidelity evaluated 
in whatever reference frame or the averaged physical fidelity of quantum teleportation oscillates in ti, which is the 
moment when Alice performs the joint measurement on detectors A and C. Even at very early times F^v drops below 
1/2 frequently. It is clear that the oscillation of the averaged fidelities arc mainly due to the distortion of the quantum 
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FIG. 7: -F^ — 1/2 (solid curves) and Ej^/IQ (dashed curves) in tiie Minkowski frame in the more reahstic case as a function of 
the moment of the joint measurement t\. The black curves are those physical ones with the wave functionals almost collapsed 
on the lightcone, while the gray curves are those pseudo-fidelities with the wave functionals collapsed on the fi-slice in the 
Minkowski frame. Here the parameters are the same as those in Fig. [T] except a, b and T2. One can see that the moment that 
the peak values of the averaged physical fidelity F^^ becomes less than 1/2 is always earlier than the pseudo-F^ has, and both 
happens earlier than the disentanglement times evaluated on the corresponding hypersurfaces of wave functional collapse. The 
lower-right plot is a close up of the lower-middle plot at very early times. If we increase the value of org further we get the 
upper-right plot, where the solid black curve indicates the case with a = 4, fe = 8.04, T2 = 10, the dotted curve indicates the 
case with a = 2, 6 = 4.02, T2 = 10, and the dot-dashed curve indicates the case with o = 1, 6 = 2.01, r2 = 20. All these three 
curves become negative at about ti = 1/b. 

state of the AB-pair from their initial state (caused by the alternating squeeze-antisqueeze natural oscillations of their 
quantum state) rather than the time evolution of quantum entanglement between them. 

In all cases considered in this paper different values of a have different ways of time-dilation, which causes different 
shifts of the peaks of Fav at early times in ti, though the a-dcpcndence of the peak values of Fav is not significant at 
this stage in all cases in the ultraweak coupling limit. In a longer time scale, while the peak values of the averaged 
pseudo- fidelity in the Minkowski frame are insensitive to the proper acceleration a, the ones in the quasi-Rindler frame 
as well as the averaged physical fidelity in the more realistic cases do depend on a significantly: the larger a is, the 
quicker the best fidelities F^^{ti) drops below 1/2. 

Finally, the best averaged physical fidelity becomes less than 1/2 always earlier (in ti) than any best averaged 
pseudo- fidelity we considered does, while each of these moments is earlier than the disentanglement time evaluated 
on the corresponding hypersurfaces which the wave functional collapses on. In our more realistic cases, the later Rob 
turns into inertial motion (i.e. the larger 0x2), the earlier the moment in ti that the best averaged physical fidelity 
drops below 1/2, and the earlier the corresponding disentanglement time in ti. For ar2 large enough, detectors A and 
B become separable "on the lightcone" right after ti ~ 1/b in the ultraweak coupling limit, meaning that quantum 
teleportation loses advantage right after Alice goes beyond the event horizon of Rob in the limiting case T2 — )■ 00 in 
our setup. 
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Appendix A: Averaged fidelity and entanglement in ultraweak coupling limit 



In our model in the ultraweak coupling limit, it is straightforward to show to the leading order that quantum 
entanglement between detectors A and i? is a necessary condition for the corresponding averaged fidelity of quantum 
teleportation to be better than the best classical ones. 

Suppose in the post-measurement state Qaa = Qcc = ?iC2/2il, Qac = hS2/'2fl, Vaa — Vcc = hnC2/'2, 
Vac = hnS2/2, and ii„in = (with C„ = cosh2r„ and Sn = sinh2r„, see Section HITX)) . Also from Eqs.(28), (29), 
(32), (33), and {B2)-{B8) in Ref. [l3| with = (n/n)e^^''^ and P'^ = hfle-^''^ there (not the complex numbers a 
and /3 in this paper), writing v = 2h'yAi/TT, with 1 ^ 3> 7 S> u^, one has 
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for the initial state ([2]) in the ultraweak coupling limit. Here 5 ( PJ(ti) )^ w VL^6 ( Q%{ti) )^ ~ (?i/217)(coth(7r51/a) — 
1)(1 — e^^'^'^i) if Rob is uniformly accelerated {t2 — > 00) with proper acceleration a, and 6 ( Q%{ti) )^ = ( Q%{ti) )^ — 
{ g|(ri)|a,a.-.o )v and <5( P|(ri) )^ ^ ( P|(ri) )^ - ( P|(ri)U^.,._,o (« gy^^) too) are given in m 

and (|47p in the more realistic case, so 



Vaa ^n^QAA + y + 0(7), Vbb ^n^QBB + v + 0(7). 
Then on the time-slices passing through the worldlines of detectors A and B at ti and ti, respectively, 
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where I] defined in [12j indicates the degree of entanglement between detectors A and _B, Z and J-" are given by 



Z = — + {1'QaaQbb-^''Qab~T^^. 

F = Z + hQQAA - ns2nQAB + \c2 [n + n{QAA + Qbb)] 



Detectors A and B are separable if and only if E > 0, or 

Z>\^ {Qaa + Qbb) - ^ 
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This imphes 



where 
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Now one can see 
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after the approxmiated expressions for the correlators were inserted. Notice that S ( Q'giTi) )^ is always positive here. 
This implies that the 0{v^) terms of det V — A{Tt?'tiNb) in (|A16p is positive whenever S > 0, and the 0{v) terms in 
(jA16p in this case must be greater than 
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Therefore, for the entangled pair of the UD detectors initially in the state ^ in the ultrawcak coupling limit, if 



S > 0, then det V > A{h?iTNBY up to 0(?i7Ai) and so Fav = h'^TrNs / V det V must be less than 1/2 to this order. In 
other words, once quantum entanglement between A and B disappears, the corresponding averaged pseudo- fidelity of 
quantum teleportation must have been less than the best classical fidelity 1/2 in the ultraweak coupling limit of our 
model. 



Appendix B: Entanglement, quantum nonlocality, and causality 

Suppose T2 — >■ 00 so Rob has an event horizon at the hypersurface t = x. Suppose at the moment ti before Alice goes 
beyond the event horizon of Rob (Fig. [5]) Alice performs a joint measurement on A and C. Then the wave functional 
of the combined system (including the quantum fields that these UD detectors arc coupled with) will collapse at that 
moment either on the Minkowski time-slice (gray dashed horizontal line in Fig. [5]), or on the quasi- Rindler time-slice 
(the gray solid curve in the same plot), or whatever time-slice may be passing through the same measurement event 
in some observer's frame. All post-measurement states of the combined system in different frames will evolve to the 
same state when compared on the same time-slice after the measurement (l6j . 

The Gaussian reduced state of the detector B consists of the two-point correlators oi Qb and Pb ■ It has a sudden 
change from the uncollapsed to the collapsed one at Tg ~ ti in Fig. \5\ as observed in the conventional Minkowski 
frame, or at r{, as observed in the quasi- Rindler frame. Such a sudden change occurs at different spacetinie points for 
different observers. In other words, when observed at some moment Tg < rf^" before Rob enters the future lightcone 
of the joint measurement event, those correlators of B may either be in the uncollapsed form or the collapsed form, 
with the two-point correlators look like ([T^ or (|44p , depending on the observer [2l| . In both cases all the correlators 
of B are independent of the data on the time-slice that the wave functional collapsed on except those localized right 
at the position of the detector A and C. 

If Rob never performs any further measurement on B before entering the future lightcone of the joint measurement 
event done by Alice, certainly he will have no idea that B is in the uncollapsed or collapsed state. But right before 
the moment = ^-adu -^^j-^qj^ Rob is entering the future lightcone of the joint measurement event, these different 
reduced states of B in different frames must have become the same collapsed one, with the same combination of the 
mode functions depending only on the data on the initial time-slice. So quantum teleportation after Rob receives the 
classical information from Alice will give a definite result consistent in all frames. 

Suppose Rob performs a measurement on B before entering the future lightcone of the joint measurement event 
to see which state B is in. In some observers' frames B's reduced state at the moment of Rob's measurement is in 
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the collapsed state, then the outcome will have some dependence on the outcome of A since A and B were entangled 
initially. In other observers' frames, B is still in the uncollapsed state before the measurement, then this measurement 
will result in a wave functional collapse of the combined system, later in these frames the outcome of Alice's joint 
measurement will have the same correlation with the outcome of B. Both kinds of histories interpreted by different 
observers will be consistent a posteriori, but both could not help Rob to conclude B was in the uncollapsed or collapsed 
state right before the measurement because the quantum state is only sampled by Rob in one single measurement. 
If Rob and Alice share an ensemble of many copies of the entangled pairs, in some observers' frames Rob performs 
the measurement first, then using the outcomes Rob can recognize the reduced state of B as uncollapsed by quantum 
state tomography. In other observers' frames, Rob performs the measurement after Alice. For these observers the 
exact collapsed state of one copy of the entangled pair may be different from another after the measurements by 
Alice and not predictable (either by Rob or by Alice), while the distribution of the collapsed state is determined by 
the uncollapsed state right before Alice's measurement. So the reduced state of detector B recognized by Rob from 
his measurement on this ensemble of the collapsed states will have no difference from the uncollapsed one. Rob still 
cannot determine whether the reduced state of the single detector B before his measurement is collapsed or not. 

If the joint measurement on A and C is performed after Alice went beyond the event horizon t ~ x of Rob, the 
mutual influences and in (|45p ) will never reach Rob, though it appears that some information of measurement 



could enter the collapsed reduced state of B [21|. Similar to the previous case with Rob still outside the future 
lightcone of the joint measurement, the functional form of the correlators in the reduced state of B will be suddenly 
changed at the moment of the projective measurement, and different observers will recognize different spacetime points 
where this change occurs. But again Rob will never know whether the state of B is in the uncollapsed or collapsed 
state. These reduced states in different frames will not be identical until goes to infinity or some moment Rob 
performs a measurement on B. 
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